ON HOMEOMORPHISMS OF CERTAIN INFINITE
DIMENSIONAL SPACES

BY
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1. Introduction. All spaces concerned are taken to be separable metric. In this
paper we prove various properties of homeomorphisms on /, and certain infinite
product spaces, in particular, the Hilbert cube 7 and s (the countable infinite
product of lines).

It has been shown in [5] and [6] by V. Klee that each homeomorphism on I*
(or on 1) is isotopic to the identity mapping by means of into-homeomorphisms.
He raised the question whether into-homeomorphisms can be replaced by self-
homeomorphisms. Results in this paper give each of his questions a positive
answer. We prove that any homeomorphism on a space such as I, s, or I, is
isotopic to the identity mapping. (Note that our definition of isotopy requires
self-homeomorphisms. See 3.1.) In fact stronger theorems are obtained for homeo-
morphisms on spaces I, s, and /,. Namely, any homeomorphism on each of these
spaces is stable. (For definition, see §4. In §4 we prove stability for homeomor-
phism on s and /,. R. D. Anderson recently asserted the result for 7 [3].) It is easy
to see (by a method of Alexander) that a homeomorphism on I* (or s) is isotopic
to the identity mapping if it is stable.

2. Notation. (1) If X is a space, by a homeomorphism on X (=self-homeo-
morphism) is meant a homeomorphism of X onto itself.

(2) If X is a space, by X™ is meant the finite product space | [, X;, where
X;=X and by X © is meant the infinite product space [ [;2, X; where X;=X.

(3) J, J°, I, and I° will denote intervals [—1,1], (—1,1), [0, 1], and (0, 1)
respectively.

(4) A mapping is a continuous function.

(5 “~” will mean ‘is homeomorphic to”; *“ ~** will mean “is isotopic to.”

(6) By ““Hilbert cube” we mean the space J* or I® with metric p(x, y)
=21 |xi—yi|/2". Hilbert space, I, is the space of all square summable sequences
of real numbers with d ((x;), (1) =1 (x;—y)*)'2. The space (J°)® or (I°)* is
also denoted by s.

(7) e will always denote the identity mapping on the corresponding space.

(8) =, and 7, will denote the projecting functions of X onto X, and X™
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respectively; that is, if x=(x;, X5,...)e X®, then =, (x)=x, and 7,(x)
=(Xy, Xgy .+« +y Xp)-

(9) @ =the empty set.

(10) Bd=Boundary, Int=Interior.

3. Isotopy theorems.

3.1. DerINITIONS. (1) N=the set of all positive integers.

(2) For any «< N, m, will denote the projecting function of X ® onto [ [ie, X;;
that is, if x=(x;, X5, ...) € X ®, then 7,(x) =(x)icq-

(3) For any a< N, if A is a homeomorphism on [ J;c, X;, & will denote its natural
extension on X ®. More precisely, if x € X ©, then A(x) is the point in X ® such that
mo(h(x)) = h(m,(x)) and m(A(x))=m(x) for all i ¢ o.

(4) If hy, h, are homeomorphisms on a space X, then 4, is isotopic to A, if there
is a mapping H of X xI onto X such that H|x.,=h;, H|xxo=ho and for each
tel, H|xx; is a homeomorphism on X. In this case we say that {h,= H|x s is
an isotopy between A, and h,,.

(5) For any «<N, a homeomorphism # on X * is said to be fixed on the
« coordinates if for each x € X ® and each i € «, m(h(x)) =m(x).

(6) If hy, h, are homeomorphisms on X ® and «< N, an isotopy {h},.; between
h, and h, is said to be fixed on the « coordinates if each A, is fixed on the «
coordinates.

3.2. PROPERTY ®. A space X satisfies property @ if the homeomorphism g on
X ® defined by f(x;, xg, X3, X4, . . .)=(x2, X1, X3, X4, . . .) 1S isOtopic to the identity
mapping.

Let ¢, be the homeomorphism on X, x X, ., such that ¢,(x, y)=(», x) and let
&, be the natural extension of ¢, on X ®. X is said to have property @' if each
#, is isotopic to the identity mapping under an isotopy with the property that for
n> 1, the isotopy is fixed on the first n— 1 coordinates.

LEMMA 3.1. X satisfies property @ if and only if X satisfies property @'.

Proof. Obvious.
We shall prove several lemmas which will lead to the following theorem:

THEOREM 3.1. A necessary and sufficient condition that each homeomorphism h
on X ® is isotopic to the identity mapping is that X satisfies property ®.

Let X be a space satisfying property @ (and hence @' by Lemma 3.1) and let 4
be any homeomorphism on X ®. For each n, there is an isotopy {n. t}reicn - 1yn,nin + 12
between $, and e with the property that for any n>1 and any te [(n—1)/n,
n/(n+1)], ¢, , leaves the first n—1 coordinates fixed.

For any a € X and any n € N, define mappings a™ and #, of X ® into itself as
follows:

a™(xy, Xgy . o) = (X1y .00y Xne1y @ Xy o .2 )}
(X1, Xy o) = (X15 ooy Xnoty X1y oo )
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LEMMA 3.2. If P, P, € X ® such that P, — P, and for each i, a; € X, then #(P;) — P
and a{’(P;)) — P.

Proof. The lemma follows since for any fixed n, and for any i>n, m,(#(P;)
=m(Py) =mn(a’(P))).

For x € X, denote the function x — (m,(x))™h#,(x) by h,. The following two
lemmas are evident.

LemMa 3.3. Each h, is a homeomorphism on X © leaving the nth coordinate fixed.
LEMMA 3.4. Ay, =@ hudn.

We observe that from Lemma 3.4, it follows that for any n, A, , is isotopic to
h, by means of the isotopy {hs = éu haPn,hietn - in,nicn + 100

LEMMA 3.5. If P, P,€ X © such that P, — P and {f}};z, is a sequence of functions
satisfying (1) each fi=¢,, for some t € [(n—1)[n, n/(n+1)] and (2) for a fixed n,
there are at most finitely many f; such that f,=é, .. Then fi(P;) — P.

Proof. The lemma follows since for any fixed n, there exists a large enough K,
such that m,(fi(P))=m,(P) for all i> K,.

LEMMA 3.6. If P, P € X ® such that P, — P, then h(P)) — h(P).

Proof. By Lemma 3.2, #,(P;) — P. Hence h(#,(P;)) — h(P). Applying Lemma 3.2
again, we get (m(Py))Ph#(P;) — h(P). But this means h(P,) — h(P).

LemMmA 3.7. h; ~ ‘h.

Proof. Define a function H of X ® x I onto X ® as follows: H|x® x;=h, H|x> x:
=h,, where t € [(n—1)/n, n/(n+1)]. (We recall that {, , = thubn thtetcn - Dinanicn + 11
is an isotopy between A, ., and £,.) It suffices to show H is continuous on X © x 1.
Let {(P;, t)}=1 be a sequence of points in X *xI such that (P, t)— (P, 1).
We may assume ;<1 for all i. H(P;, t,)=hM(P,)=¢n,,ﬁn¢,,_,,(P,). Note that the
sequence {¢, .}z, satisfies the conditions in Lemma 3.5, hence $n,;,(P) = P. By
Lemma 3.6, ¢, ,(P) — h(P). Apply Lemma 3.5 again, bnt.finn,i,(P) — h(P) and
the lemma is proved.

Proof of Theorem 3.1. The necessity is obvious. We now show the sufficiency.
By Lemma 3.3, /, is the natural extension of a homeomorphism §; on L1 Xi
We can repeat the same argument on [ J;», X; and show that g, can be isotopic
to a homeomorphism g, with the property that g, is the natural extension of a
homeomorphism f; on [];>. X;. This means %, can be isotopic to §; by means of
an isotopy leaving the Ist coordinate fixed. Note that &, leaves the first two co-
ordinates fixed. Iterating this process on [ [;>2 Xi, on []i>s X;, and so on, we
see easily that A is isotopic to the identity mapping.

3.3. We proceed now to show that both J and J° satisfy property ®. Lemmas in
the following are stated merely for J; similar lemmas for J° can be stated.
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Let (=, 6) be the polar coordinate system on the plane. Define homeomorphisms
fonJ2 B, v on the unit disk D as follows:

f(r, 8) = (|rcos 8], ) if —m/4 < 0 < nfdor 3n/4 < 0 < 5ujd;
= (|rsin 6], 6) if 7/4 < 0 < 3n/4 or 5[4 < 0 < Tn4;
B(r, 6) = (r, 0+) and (r, 6) = (r, 0+/4).

Clearly both B, y are isotopic to e. Denote isotopies between 8 and e by {B;}ic1,
between y and e by {y,},c;-

LeMMA 3.8. F=f"1yf is a homeomorphism on J? such that (1) if F(x, y)=(x', y'),
then F(y, x)=(—x',y") and (2) F ~'e.

Proof. We omit the straightforward proof of this lemma.

LemMA 3.9. If w is the homeomorphism on J? such that w(x, y)=(—x, —), then

w~te,
Proof. w=f"18fand {f ~'B.f }:; is the necessary isotopy.

LeEMMA 3.10. If o is the homeomorphism on J, such that o(x)= —x, then 6 ~'e
onJ®.

Proof. For each n, define w, on J,xJ,,, by wy(x,y)=(—x, —y) and let
{¥s.}etn - 1ym.nicn + 19 DE an isotopy between w, and e on J, xJ, ;. Let

hn = (I)"' . '(1—)2(;)1.

Then A, is isotopic to e on J® by {h; ;=¥ }er0,1/2; and for n>1, h, is isotopic
to h,_, by {hn,t=q’n,tﬁn—1}ts[(n—1)/n,nl(n+1)]' Now define a mapping H of J*x1I
onto J® by H|; x,=h,, if t€ [(n—1)/n, n/(n+1)] and H|;~ ., =6.

THEOREM 3.2. Any homeomorphism on the Hilbert cube is isotopic to the identity
mapping.

Proof. By virtue of Theorem 3.1, it suffices to show that J satisfies property ®.
Let g be the homeomorphism on J * defined by

g(xl, Xgy X3, X5 - ~) = (x29 X1, X3, X4, - - ~)a

and let F, o be defined as before. Clearly g=F~6F. Then by Lemmas 3.8, 3.10,
g~te.
Similarly we can show that J° satisfies property ®, hence

THEOREM 3.3. Any homeomorphism on s is isotopic to the identity mapping.
THEOREM 3.4. Any homeomorphism on 1, is isotopic to the identity mapping.

Proof. This is an immediate consequence of the fact /;~s [2] and of Theorem
3.3.
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4. Stable homeomorphisms. A homeomorphism 4 on a space X is stable (in the
sense of Brown-Gluck) if A can be written as a composition of finitely many
homeomorphisms on X each of which is the identity on some open set in X. s will
denote the space (I°)*. K; will denote the set {x € I °: m,(x)=1} and H will denote
the space [0, 2] x [ ];>1 fi, where each I;=1I. Our main result is: Any homeomor-
phism on s or /, is stable. It is easy to see (as will be shown in Corollary 4.3) that
(by means of Alexander’s method which was originally used for n-cells) a homeo-
morphism on s is isotopic to the identity mapping if it is stable. For further dis-
cussion of stable homeomorphisms on manifolds, refer to Brown-Gluck [4].

THEOREM 4.1. s U K ~s.

THEOREM 4.2. If K is a compact subset in s and h is a homeomorphism of K into
s, then h can be extended to a stable homeomorphism h on s.

For the proof of Theorem 4.1, refer to [1]. A theorem like Theorem 4.2 was
proved by Klee [7] in a somewhat different context (without stressing stability).
Later on Theorem 4.2 was also proved by R. D. Anderson using Klee’s method [1].
Note that in Anderson’s paper, stability of the homeomorphism % was not ex-
plicitly proved, but it was explicitly observed that stability can be easily achieved
for the homeomorphisms considered there.

COROLLARY 4.1. If s'~s, then any homeomorphism h' from a compact subset K’
of s’ into 5" can be extended to a stable homeomorphism hons'.

Proof. Let f be a homeomorphism of s’ onto s, and let Az=fh’f~1. h is a homeo-
morphism of f(K’) into s, hence can be extended to a stable homeomorphism h
on s. Write A=f,- - -fof1, where each f; is a homeomorphism on s which is the
identity on some open set in s. Then define

B =f7hf = o fofif = ) - (U SS)

COROLLARY 4.2. If h is a homeomorphism on s U K, and K is a compact subset
in s U K,, then there exists a stable homeomorphism f on s U K, such that fh is the
identity on K.

Proof. h|x is a homeomorphism of K into s U K, hence by Theorem 4.1 and
Corollary 4.1, h|x can be extended to a stable homeomorphism g on s U K;. Then

let f=g~1.
LEMMA 4.1. If X, Y are spaces such that X~ Y, then every homeomorphism on X
is stable if and only if every homeomorphism on Y is stable.

Proof. Obvious, by means of the method used to prove Corollary 4.1.

LemMA 4.2. If for each i, i=1,2,...,n, h; is a homeomorphism on X which is
isotopic to the identity mapping, then h="h,- - -hoh, is a homeomorphism on X such
that h is isotopic to the identity mapping.
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Proof. Obvious.
THEOREM 4.3. Any homeomorphism h on s is stable.

Proof. By virtue of Theorem 4.1 and Lemma 4.1, it suffices to show that any
homeomorphism on s U K is stable. By Corollary 4.2, there is a stable homeo-
morphism f on s U K, such that f4 is the identity on K,. Hence there exists an open
set Vin s U K, and a real number r such that sup {m,(V U fh(V))}<r<1. Let ¢ be
the extension of fh onto H'=s U [1, 2] x [ [;> 1 I; by taking ¢ as the identity outside
of s U K;. Let « be a homeomorphism on [0, 2] such that « is the identity on [0, r]
and «(1)=3/2. Define a homeomorphism g on H by g(xy, X3, . . .)=(calxy), Xa, . . .).
Then 6=g'¢g|, x, is @ homeomorphism on s U K;. Clearly 6 is the identity on
some neighborhood of K, and 6~!(fh) is the identity on V. But fh=6[0-*(fh)],
hence h=1f~10[0~1(fh)], a finite composition of stable homeomorphisms. Therefore
h is stable.

THEOREM 4.4. Any homeomorphism on l, is stable.

This is an immediate consequence of the fact that /;~s [2] and of Lemma 4.1.
COROLLARY 4.3. Any homeomorphism h on s is isotopic to the identity mapping.

Proof. 4 is stable by Theorem 4.3. Hence, by Lemma 4.2, it suffices to prove the
theorem for the case that 4 leaves some open set V fixed. We now use Alexander’s
method applied to s. For some large number n, there is an open set Win (I°)**+* such
that

(1) W=]]r1(a; b)) x(@n41, 1) where for each i<n, 0<a;<b;<1 and O<a,,,
<1 and

(2 WxITisnlP V.

Let W be the closure of W in I"*1, Int(W) the interior of W in I**! and let
0=(0,0,...)e I**. There exists a positive number K such that [0, 1/K]**' n W
= @. For each x=t/K € [0, 1/K], let Q,=[0, x]***. Let Bd(W), Bd(Q,) denote the
boundaries of W and Q, in I"*?! respectively. Evidently there is a mapping H of
I"*1x I onto I"*?! such that:

(1) go=H]|/m+ 14, is the identity mapping on I™*1.

(2) For each 0<t=<1,g,=H|mn+1., is a homeomorphism on /"*! such that
g(I"* \Int(W))=Q, for 0<r<1.

(3) g(0)=0for all teIand H|p +1,o(I**\Int(#))=0.

Now the desired mapping F from sx/ onto s is defined as follows: F| .,
=ghgi ' for 0<t=1 and F|;x,=e on s.
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